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Abstract. In this paper, we study holomorphic vector bundles on (diagonal) 
Hopf manifolds. In particular, we give a description of moduli spaces of stable 
bundles on generic (non-elliptic) Hopf surfaces. We also give a classification of 
stable rank-2 vector bundles on generic Hopf manifolds of complex dimension 
greater than two. 



1. Introduction 

In this paper, we study the stabihty properties of holomorphic vector bundles on 
diagonal Hopf manifolds. Recall that a Hopf manifold is defined as the quotient of 
the punctured n-space C"\{0} by an infinite cyclic group, generated by a contrac- 
tion of (C", 0). If the contraction is multiplication by a diagonal matrix, then the 
Hopf manifold is called diagonal. All Hopf manifolds are non-algebraic. In particu- 
lar, every diagonal Hopf manifold is diffeomorphic to x 5*^"+^, implying that it 
is non-Kahlerian. A generic Hopf manifold possesses very few curves, the only ones 
being n elliptic curves corresponding to the coordinate axes in C". But there exist, 
nevertheless, Hopf manifolds with infinite families of curves. For example, if the 
contraction defining the manifold is a multiple of the identity, then the manifold 
admits an elliptic fibration. 

Holomorphic vector bundles on elliptically fibred Hopf manifolds are by now 
well-understood. In the case of surfaces, these bundles have been completely clas- 
sified and a detailed analysis of their moduli spaces can be found in jMcTl , BrMo3|. 
Moreover, for Hopf manifolds of dimension greater than two, the question has been 
settled by Verbitsky in |V1| . where he studies stable bundles on positive principal 
elliptic fibrations. More generally, he proves that on a (possibly non-elliptic) diago- 
nal Hopf manifold of dimension greater than two, any coherent sheave J- is fiUrable, 
that is, admits a filtration by a sequence of coherent sheaves 

= Jo C J"! C • • • C J^r ^ 

with rkTi/T,-i < 1 |VniV2] . 

Less is known about the classification and stability properties of bundles on 
generic (non-elliptic) Hopf manifolds. Although some partial results have been 
obtained in this direction by Mall jMa2[IMa3] . his study has focused only on vector 
bundles whose puUback to the universal cover C"\{0} is holomorphically trivial 
(such bundles are given by factors of automorphy). In particular, he proves that 
the puUback of a vector bundle on a Hopf manifold to C"\{0} is holomorphically 
trivial if and only if it possesses a filtration by vector bundles, giving in the process a 
partial classification such bundles on generic Hopf manifolds. However, as shown in 
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this paper, most vector bundles on diagonal Hopf manifolds do not admit filtrations 
by vectors bundles; in fact, on Hopf surfaces, vector bundles are generically non- 
filtrable. 

The paper is organised as follows. We begin by recalling some definitions and 
topological properties of Hopf manifolds; holomorphic vector bundles are described 
in sections three and four. For simplicity, we restrict our presentation on generic 
Hopf manifolds to rank-2 vector bundles; nevertheless, similar results holds for 
vector bundles of arbitrary rank. The third section of the paper is devoted to the 
study of bundles on surfaces. We begin by proving that, on a diagonal Hopf surface, 
holomorphic vector bundles possess a filtration by vector bundles if and only if they 
are topologically trivial; bundles with non-trivial second Chern classes are, however, 
generically non-filtrable and therefore stable. We then give a classification of stable 
filtrable bundles. Moduli spaces of stable bundles on diagonal Hopf surfaces admit 
natural Poisson structures; we describe their associated symplectic leaves for elliptic 
Hopf surfaces. Note that in the elliptic case, the moduli also admit the structure of 
algebraically completely integrable Hamiltonian systems Mol . Finally, stability 
conditions for vector bundles on generic Hopf manifolds of dimension greater than 
two are given in the last section; in particular, we show that there exist stable 
bundles on them. 

Acknowledgements. The author would like to express her gratitude to Misha 
Verbitsky for explaining to her the filtrability of vector bundles on higher dimen- 
sional Hopf manifolds as well as for valuable discussions and suggestions. She would 
also like to thank Jacques Hurtubise, Boris Khesin, and Vasile Brinzanescu for use- 
ful comments, and the Department of Mathematics at the University of Glasgow 
for their hospitality during the preparation of part of this article. 

2. Preliminaries 

A diagonal Hopf manifold X is defined as the quotient of C" :— C"\{0} by the 
cyclic group generated by a contraction of (C", 0) of the form 

^ : C" — > C" 

(Zl,...,2„) 1-^ (^iZl, . . . ,^„z„), 

where /ii, . . . are complex numbers such that < |/ii| < |/i2| < • • • < \Hn\ < 1- 
Every diagonal Hopf manifold is diffeomorphic to 5^ x 5*^"+^. Moreover, its Hodge 
numbers are all zero except for h']f — — ft,^^^'" = /i^^^'"^^ = 1 |Mal| . 

2.1. Notation. We begin by fixing some notation. 

• Denote by p : C" ^ X the canonical projection map. 

• Ui := {zi / 0} is an open subset of C" for all z = 1, . . . , n. 

• Xi := p{Ui) is an open subset of X for alH = 1, . . . , ti. 

• Hi :— p{{zi — 0}) is a hypersurface in X, for all i = l,...,n, that is 
isomorphic to the Hopf manifold of dimension ri — 1 corresponding to the 
diagonal matrix (/ii, . . . , /I^, . . . , /i„). 

• Hkikj ■— p{{zi^ = = 0}), for fci, kj > and < i, j < n such that i ^ j, 
is a codimension 2 subvariety of X. 

• Ti := p({(0, . . . , Zi, . . . ,0)}) is the elliptic curve C* /pi for all i = 1, . . . , n. 
Note that iJj n = for aU i = 1, . . . , n. Moreover, Ti n Tj = 0, if i ^ j. 
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2.2. Classical Hopf manifolds. A diagonal Hopf manifold is called classical if 
fii = /i2 = • • • = fJ-n = A*- These manifolds admit a natural holomorphic elliptic 
fibration 

TT -.X P" 

{zi, • • • , z„) [zi : ■■ ■ : z„], 

with fibre the elliptic curve T = C*//i. Moreover, the relative Jacobian of X ^ P" 
is isomorphic to 

J{X) = P" X T* ^ P", 

where T* denotes the dual elliptic curve determined by a non-canonical identifica- 
tion T* :=Pic"(r) ^T. 

2.3. Generic Hopf manifolds. A diagonal Hopf manifold is called generic if there 
are no non-trivial relations between the /Zi's of the form 

ieA jeB 

where ri,rj ^ N, An B ~ (d, and AU B ~ {1, • • • ,n}. It is important to note 
that a generic Hopf manifold only contains n irreducible curves, namely the im- 
ages Ti, . . . ,Tn of the punctured zi-, . . . , z„-axes (see |BPVj for the case n = 2). 
Although these curves are elliptic, the manifold itself does not admit an elliptic 
fibration. Moreover, given that there are no relations between the /z^'s, the i/i's 
arc the only irreducible hypersurfaces in X. 

2.4. Hopf surfaces. Diagonal Hopf surfaces can be divided into four categories: 
classical, generic, resonant, and hyperresonant. The last two are defined by di- 
agonals (/J,i,/i2) such that /if = mI some integers p and q (the resonant case 
corresponds to p ~ 1). Note that a (hyper)resonant surface X admits an elliptic 
fibration tt : X -^F^ with singular fibres the curve(s) Ti (and T2). However, it can 
be covered by the classical Hopf surface given by diagonal M2^^)i whose ellip- 
tic fibration does not have singular fibres. Vector bundles on the (hyper)resonant 
surface X can therefore be studied by analysing their puUback to this classical Hopf 
surface jBrMoll IBrMo2l IBrMoSj . 

In general, Hopf surfaces are defined as compact complex surfaces that admit 
C* as a universal covering. Although every diagonal Hopf surface is diffeomorphic 
to X S^, there exist many Hopf surfaces that are not. Examples of such Hopf 
surfaces can be constructed as follows. For any integer d, let OjJ denote the total 
space of the line bundle Opi {d) minus the zero section; with respect to this notation, 
we have = We cover 0^ by the open sets Uq and Uoo with coordinates 

{z, t) and (^, s) = {z~^ , z~'^t), respectively. Given complex number fii and /i2, with 
< |/ii| < 1/^21 < 1, and f3 such that /J*^ — /ii/i^^, we define the following Z-action 
on 8^: {z,t) ^ {(3z,^it) on Uq, and (^, s) 1-^ (/3^^^,/i2s) on Uoo- The quotient 

X:=ey(/3,/ii) 

is a Hopf surface, which is non-primary when d ^ —1. Note that if cZ = — 1, then 
we simply have a diagonal Hopf surface: 

Moreover, if /ii = /i2 and /3 = 1, then X is a principal elliptic fibration over P^ 
with fibre C*//Lti. These Hopf surfaces are diffeomorphic to x Cd, where Cd is 
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the 5^-bundle over S*^ with Chern class d. Consequently, we have Z) = Z, 

fori = 0,1,4, ij2(X,Z) =Z|d|, and H^{X,Z) = Z©Z|d|. 

2.5. Line bundles. The only divisors that exist on a generic Hopf manifold X are 
linear combinations of the hypersurfaces Hi , . . . , Hn ■ 

Div(X) = {miHi H h rrinHn} = Z © • ■ • © Z, 

with the relations iJ^ • Hj — 0; the canonical divisor is Kx = —Hi — • • ■ — 
Whereas divisors on a classical Hopf manifold X are puUbacks of hypersurfaces on 
P""-*^. In particular, the canonical divisor is Kx — 'K*Kf,-n-i. 

Although Hopf manifolds have few divisors, there are many line bundles on them. 
For example, on any diagonal Hopf manifold X, we have Pic(X) = Pic°(X) = C*: 
line bundles correspond to constant factors of automorphy. The line bundle given 
by the factor a G C* is constructed by taking the quotient of the trivial line bundle 
C on C" by the following Z-action: 

{z,t) (iiz,at). 

From now on, we shall denote by La the line bundle corresponding to the factor 
a. Note that the restriction of Ox{Hi) to the elliptic curve Ti ~ €-* / jii is trivial, 
so that {Ox[Hi)) = Z is in the kernel of the natural restriction map Pic(X) 
Pic°(Ti) — > 0. Consequently, we have Ox{,Hi) = L^^ for alH = 1, . . . , n. 

The cohomology of line bundles on classical and generic Hopf manifolds the 
following [Mall . Given a line bundle La on the Hopf manifold X, we denote 

-.^WiX.La). 

For a classical Hopf manifold X, given by the diagonal (/i, . . . , we have: 



/i^'(P", 0pTi(m)) if a = /i™ for some integer m, 
otherwise. 



We now consider a generic Hopf manifold X, given by the diagonal (/ii, . . . , /i„). 
If n = 2, then given the line bundle La on the generic Hopf surface X, we have: 



'0,0 _ 



1 if a = /ii"^/^™^? with mi,TO2 > 0, 
otherwise; 



2.0 



1 if a = with 7711,7712 < 0, 

otherwise. 



Finally, for n > 3, the cohomology groups of the line bundle La are the following: 

;jO,o ^ f^i,o ^ f 1 if « = A^'i"' ■ • ■ M"", with 777i, . . . , 77i„ > 0, 
[ otherwise; 

hP.o = 0if2<g<n-2; 



'n—1,0 un.O 



1 if a = /i™^ . . . /i™" , with TTii , . . . , 777„ < 0, 
otherwise. 
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2.6. Finite coverings. In this section, we describe (finite) cyclic coverings of Hopf 
surfaces. We begin by noting that eUiptically fibred Hopf surfaces admit many cycUc 
coverings as they correspond to puUbacks of cychc coverings on via the projection 
TT. This is certainly not the case for generic Hopf surfaces. Let us consider a generic 
Hopf surface X given by the diagonal {^1,1x2)- Let : Y X he the r-cyclic 
covering of X branched along the smooth divisor B on X and determined by the 
line bundle £ -> X, where Ox{B) = C®'' (see |BPVI If1V The smooth variety Y is 
then defined as the subvariety of the total space of the line bundle C given by 



where s is a global section of with effective divisor (s) = B. However, since 
X is a generic Hopf surface, we have h^{X,Ox{B)) = 1, implying that there is a 
unique cyclic covering corresponding to each C. 

Lemma 2.1. Suppose that X = Cl/{^i, ^2) is a generic Hopf surface. An r-cyclic 
covering of X is then either a generic Hopf surface or a non-elliptic non-primary 
Hopf surface of the form Q*_^/{(3, fii), with /?'" = /ii (see section \2.4\ for notation). 

Proof. On a generic Hopf surface, there are only four possibilities for the effective 
reduced divisor B, namely, i? = 0, Ti, T2, or Ti +T2, with associated line bundles 
Ox{B) = Ox, L^^, L^^, and i^i^aj respectively. We treat each case seperately. 

If _B = 0, then the line bundle C is an r-th root of unity of order fc, where k 
is an integer that divides r. If fc = 0, that is, C = Ox, then y is a disconnected 
surface made up of r copies oi X. li C has instead order r, then K is a connected 
smooth surface that is an unramified r-to-one covering oi X. In particular, there 
is a unique unramified double cover that is the Hopf surface Y :— Cl/dif, fi^) with 
projection onto X given by (zi, Z2) <—>■ {zi, Z2). Finally, if the order of £ is fc 0, m, 
then m — kl for some integer I and Y is disconnected surface made up of / copies 
of an unramified fc-to-one cover Y' of X. 

li B = Ti, then the line bundle C is given by a factor of automorphy a G C* 
such that = 112. The induced r-to-one cover of X is then the Hopf surface 
Y C^/(/ii, a) with projection onto X given by (zi, Z2) ^ (zi, z^)- Similarly, one 
sees that the r-to-one cover of X determined by B = T2 are Hopf surfaces of the 
form Y :— C^/(a,/i2) with ~ fii. 

Finally, consider B — T1+T2; choose /3 e C* such that = 11^^112. Using the 
notation of section we have X = 81]^/(/i^^yLt2, /^i) and its r-to-one cover is the 
Hopf surface Y := 91„/(/3, ^i) with projection onto X given by (z, t) 1— > {z^ , t). □ 

2.7. Degree and stability. The degree of a vector bundle can be defined on any 
compact complex manifold M . Let d — dime M . A theorem of Gauduchon's [U] 
states that any hermitian metric on M is conformally equivalent to a metric, called 
a Gauduchon metric^ whose associated (1,1) form w satisfies dduj'^~^ = 0. Suppose 
that M is endowed with such a metric and let L he & holomorphic line bundle on 
M. The degree of L with respect to u) is defined jBh| . up to a constant factor, by 



where F is the curvature of a hermitian connection on L, compatible with Ol- Any 
two such forms F differ by a 99-exact form. Since dduj'^~^ = 0, the degree is 
independent of the choice of connection and is therefore well defined. This notion 
of degree is an extension of the Kahler case. If M is Kahler, we get the usual 
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topological degree defined on Kahlcr manifolds; but in general, this degree is not a 
topological invariant, for it can take values in a continuum (see below). 

Having defined the degree of holomorphic line bundles, we define the degree of a 
torsion-free coherent sheaf £^ on M by 

deg(f) := deg(detf), 
where dct£ is the determinant line bundle of £, and the slope of £ by 

fi{£) := deg(£)/rk(£). 
The notion of stability then exists for any compact complex manifold: 

A torsion-free coherent sheaf £ on M is stable if and only if for every coherent 
sub sheaf S C £ with < rk(S) < rk{£), we have < fJ-{£). 

Remark 2.2. With this definition of stability, many of the properties from the 
Kahler case hold. For example, all line bundles are stable whereas decomposable 
bundles are always unstable. In addition, for rank two vector bundles on a surface, 
it is sufficient to verify stability with respect to line bundles; in particular, if such 
a bundle is non-filtrable, then it is automatically stable. Finally, if a vector bundle 
E is stable, then it is simple, that is, h^{M,End{E)) = 1. 

Example 2.3. Let X be the classical Hopf manifold corresponding the diagonal 
{fj,, . . . , fi). In this case, the degree of line bundles can be computed explicitly (for 
details in the case of surfaces, see |LT|It) ): it is determined by a map from Pic(X) 
to the reals, denoted deg : Pic(X) — > M, of the form z Cln |2;|, where C is a real 
constant. We define the degree of the line bundle La, for a G C*, as 

degLa = ln|a|/ln|^|, 

with the normalisation chosen so that deg7r*(Opn(m)) — degL^n — m. 

Example 2.4. For a generic Hopf manifold X given by the diagonal (/ii, . . . ,/i„), 
< ImiI < • ■ ■ < ImkI < Ij define the degree of the line bundle La, for a G C*, as 

degLa = -ln|a| 

so that, given any positive integer m, we have deg L^m > for all z = 1, . . . , n. In 
fact, we shall see in section rOI that if we were to define the degree using instead 
a positive constant C, then every filtrable rank-2 vector bundle on a generic Hopf 
surface would be unstable. 

3. Holomorphic vector bundles on Hopf surfaces 

3.1. Topologically trivial holomorphic vector bundles. We begin by consid- 
ering topologically trivial holomorphic vector bundles of arbitrary rank on diagonal 
Hopf surfaces, proving that they possess filtrations by vector bundles. 

Proposition 3.1. On a Hopf surface X, topologically trivial holomorphic vector 
bundles of rank greater than 1 are not simple. 

Proof. We prove the proposition by contradiction. Consider a holomorphic vector 
bundle E oti X with ci{E) = C2{E) = and assume that it is simple, implying that 
h° {X ; a,d{E)) ~ 0. Recall that the canonical bundle of X is given by Ox{—D), 
where D is the effective divisor T1+T2. The inclusion Kx = Ox{—D) C Ox then 
gives 

h^{X; Sid{E)) = h°{X; adl^E) (g) Kx) ^ h"iX; ad{E)) = 0. 
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Consequently, since x{E) = 0, we have h^{X;a.d{E) ® Kx) = h^{X;a.d{E)) = 0. 
Inserting this into the long exact sequence on cohomology associated to the exact 
sequence 

^ ad{E) ®Kx ^ &d{E) &d{E)\D 0, 
we obtain h^{D\a,d{E)\i:,) — 0, which contradicts the fact that hP{D\a.d{E)\£i) > 
/i°(T,;ad(-B)|Tj > 1. □ 

Given that we are considering bundles on a surface, we then obtain the following. 

Corollary 3.2. Any topologically trivial holomorphic vector bundle on a Hopf sur- 
face X possesses a filtration by vector bundles. □ 

Holomorphic vector bundles on Hopf manifolds that admit filtrations by vector 
bundles have been studied by Mall Ma2, Ma3 . In particular, he shows that they 
are the only bundles that can be constructed using factors of automorphy. Rank-2 
vector bundles on a generic Hopf surface X can be classified as follows. 

Proposition 3.3 (Mall). Let E be an extension of line bundles on X . Then, there 
exists an exact sequence 

O^La^E^Lb^O, 

with a.b E C* . We have the following possibilities: 

(i) If a = 6/i™^/Lt™^, for non-negative integers mi and m2, then E = La® Ljj or 
E is the unique non-trivial extension — > La — > E — > Lfj — > 0. 

(ii) If ab^^ 7^ IH'^lh^ f^''^ '^^^ integers mi,TO2 > 0, then E — La® Lb. 

Remark 3.4. The rank-2 vector bundles described in Proposition 13 . 31 are given by 
the factors of automorphy: 

(mi m2 \ 
"'b' )' 

where e = if the bundle is decomposable and e — 1 otherwise |Ma2| . 

3.2. Constructing rank-2 vector bundles. There are three standard ways for 
constructing rank-2 vector bundles on a surface X. 

(i) Double covers. One method for constructing rank-2 vector bundles on a 
surface X is the following. Find a smooth double cover Lp : Y ^ X oi X . Then, 
for any line bundle L on Y , the direct image is a rank-2 vector bundle. 

(ii) Serre construction. This method consists in finding locally free extensions 
of the form 

— >L — >E — >L' ®Iz — > 0, 
where L and L' are line bundles on X and Iz is the ideal sheaf Z oi a finite set of 
points (counting multiplicity) on X that may be empty. Bundles thus obtained are 
clearly all filtrable. 

Note that if X is a Hopf surface, then C2{E) — 1{Z), that is, it is equal to the 
number of points in Z (counting multiplicity) . In addition, extensions of this type 
exist for any choice of line bundles L and L' and points on X. 

Remark. Every rank-2 vector bundle on an algebraic surface is filtrable and can be 
realised via the Serre construction. On non-algebraic surfaces, there exist, however, 
non-filtrable bundles. In fact, we shall see that rank-2 vector bundles on Hopf 
surfaces are generically non-filtrable. 
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(Hi) Elementary modifications. Start with a rank-2 vector bundle i?, an effective 
divisor D on X , and a line bundle \on D such that the restriction of to 13 admits 
a projection p : E\]j A. Let i : D ^ X denote the natural inclusion. Then, if we 
also denote by p the induced projection E — » i,A on X, where i*A is now a torsion 
sheaf supported on £>, we have the following exact sequence on X: 

— > E — > E ^i^\ — * 0, 

where E := kerp is a rank-2 locally free sheaf; it is called the elementary modifica- 
tion of E induced by p. Note that E is isomorphic to E away from D. In addition, 
det(£') — Ox{—D) (g)det E and, on a Hopf surface, we have C2{E) = ci{L) + C2{E). 
Other properties of elementary modifications can be found, for example, in ^ 

Remark. We shall see that on elliptically fibred Hopf surfaces, all rank-2 vector 
bundles can be obtained this way, but that these methods only produce filtrable 
vector bundles on generic Hopf surfaces. In the latter case, the only method we 
know so far for constructing non-filtrable vector bundles is to choose vector bundles 
on the open cover Xi , X2 of X that are isomorphic on the overlap and gluing them to 
obtain a vector bundle on X. Unfortunately, this method makes their classification 
very difficult. 

3.3. Notation and terminology. To study bundles on a Hopf surface X, one of 
our main tools is restriction to one of its elliptic curves T = C*//i. It is important 
to point out that the restriction of any vector bundle i? on X to T is generically 
semistable, given by an extension of line bundles of degree zero; if these line bundles 
correspond to the factors of automorphy a and b in C*//Lt, we say that E has splitting 
type (a, b) on T. In fact, the restriction of a vector bundle is unstable on at most 
an isolated set of curves on X. If the restriction of i? to T is unstable, we say that 
the vector bundle has a jump over T. 

Consider a rank-2 vector bundle E on X with determinant 6 that has a jump 
of multiplicity m over the curve T. The restriction of E to T is then of the form 
A ® (A* (8) ) ; for some A G Pic~''(T), /i > 0; the integer h is called the height of the 
jump at T. Moreover, up to a multiple of the identity, there is a unique surjection 
E\t — A, which defines a canonical elementary modification of E that we denote 
E; this elementary modification is called allowable |0. Therefore, we can associate 
to a finite sequence {Ei, E2, ■ . ■ , Ei} of allowable elementary modifications such 
that El is the only element of the sequence that does not have a jump at T. The 
integer I is called the length of the jump at T. 

Note. Note that if a vector bundle E jumps over the curve T with mulplicity m, 
then m = X]i=i where Hq = h is the height of E and hi is the height of Ei, 
i = 0, ... ,1 — 1. Moreover, if E has k jumps of multiplicity mi, . . . , m^, respectively, 
then "iTT-i = C2{E). For a detailed description of jumps, we refer the reader to 

jMonrRTT^ . 

3.4. Moduli spaces. For a fixed line bundle Ls on X, let A4s,c2 be the moduli 
space of stable holomorphic rank-2 vector bundles with determinant Lg and second 
Chern class C2. Referring to Proposition 13. II the moduli space A4s,c2 is non-empty 
if only if C2 > 0, in which similar computation shows that it is a complex 
manifold of dimension 4c2. 

Stable bundles on elliptic Hopf surfaces have been described in detail in |Moll 
IBrMo3j . Consequently, we focus our presentation on the generic case, briefly stating 
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the results for classical Hopf surfaces that will be needed in section 13.51 Recall 
that non-filtrable bundles are automatically stable. We therefore only determine 
stability conditions for the filtrable ones. 

3.4.1. Filtrable rank-2 vector bundles. Consider a filtrable rank-2 vector bundle E 
on X with C2{E) = C2 > 0. ft can therefore be expressed as an extension of the 
form: 

— >La — >E — > Lb ® /z ^ 0, 

where Z is a set of C2 points (counting multiplicity). On a classical Hopf surface, 
every filtrable bundle can also be constructed by starting with a bundle with trivial 
Chern class and adding jumps to it to obtain a bundle with the desired second Chern 
class and ideal sheaf I^. This is done by performing elementary modifications, using 
the fibres of the elliptic fibration tt that contain the points of Z. In particular, this 
is always possible because every point on the surface lies on an elliptic curve. The 
advantage of thinking of filtrable bundles this way is that it enables us to completely 
classify them. Unfortunatly, since generic Hopf surfaces possess only two curves, 
many filtrable vector bundles cannot be constructed this way. We nevertheless have 
a good description of stable filtrable rank-2 vector bundles; necessary and sufficient 
conditions for stability can be stated as follows. 

Theorem 3.6. Consider a filtrable rank-2 vector bundle E on a generic Hopf sur- 
face that has determinants and jumps onTi andT2 of lengths li andl2, respectively. 
Suppose that La is one of the line bundles of maximal degree mapping into E. Then, 
E is stable if and only if 

(3.7) = Sn^^'-'^'fi^^"-''^ 

for two non-negative integers ki and k2 that are not both zero, or 

ae := : l^l^/^ < |a| < jJ^r" T^'} • 

In particular, this implies that Zi + Z2 > unless a satisfies eguation H3.7|l . 

Proof. Recall that E is stable if and only if each of its destabilising bundles has 
degree less than deg{Ls) /2. Consider the rank-2 vector bundle E obtained by 
performing I elementary modifications to remove the jumps of E. Then, det E = 
L. -ii -12 . Note that E and E have the same destabilising bundles. Indeed, E 

"Ml M2 

is obtained by taking consecutive elementary modifications determined by exact 
sequences of the form: 

E,+i E, ^ ^ 0, 

where A is a line bundle of negative degree on Ti or T2, for 0<i<^s — l,s = l,2. 
Thus, h^{X, Lc-i (8) i*X) = for all line bundles Lc, so that 

This implies, in particular, that E is an extension of ^-12 (8) Iz' by La, 

where Z' is a (possibly empty) set of points that do not lie on Ti or T2. 

We therefore have to determine the line bundles that map non-trivially into E. 
Let Lc be such a line bundle. We first assume that Z' is empty. Suppose that E 
decomposes as La ® -^a-i5/i~'i/j~'2 i then La and ^„-i5^-'i^-'2 are the line bundles 
of maximal degree mapping into E. To ensure the stability of E, both must have 
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degree strictly smaller than deg{Ls) /I. Referring to the definition of degree given 
in section [2.71 this is equivalent to a being an element of Di-^^i^. 

If E is instead indecomposable, then there exist a G C* and non-negative integers 
mi, 7712 such that E is given by the non-trivial extension of L -mi -ma by La (see 
Proposition 13.31 (i)). Note that any line bundle mapping into E must also map 
to La. Indeed, if h°{X,L^-iE) / 0, then h°{X,L^-ia) and h"iX, L^_,^^-„., ^-^^2) 
cannot both zero; hence, since {X, L^_i^^-mi ^-^2) < h'^{X, L^-ia), we have 

h^{X, L^-ia) ^ and c~^a = for some integers fci,A:2 > 0. Consequently, 

La is the (unique) line bundle of maximal degree mapping into E. Suppose that it 
has degree strictly smaller than dcg{Ls)/2. Then, since 

and > 1, it follows that a is an element of Di^^i^. 

Let us now assume that Z' is not empty. Note that E is semistable on both 
Ti and T2. To simplify the notation, let us set b — a^^Sfi^^^ . The set of line 
bundles mapping into E is therefore contained in 

|Lc : c = a^i*'^^i2^^ or c = b^^'^^ ^.^^^ for integers ki,k2 > o| . 

Let Lc be another destabilising line bundle of E so that E/L^ is torsion free. Then 
c = bjjL^^^ ^2^'^ foi' integers ki,k2 > 0. If at least one of the integers is non-zero, 
then we must have c = o, otherwise the quotient E/L^ is not torsion-free (recall 
that on a generic Hopf surface, there are no non-trivial relations between /xi and 
112)- Consequently, La is the (only) line bundle of maximal degree mapping into 
E; since a = a^^J^j^'^"''^/^^'^"'^^ with ki or fc2 non-zero, we have \a\ > \S\^^^, 
implying that E is stable. Finally, if ki = k2 = 0, then the second destabilising line 
bundle of E is ^-12 so that E is stable if and only if a G Di^^i^. □ 

Remark 3.8. On a classical Hopf surface X^ determined by a diagonal (/i, /i), vector 
bundles can have jumps on elliptic curves other than Ti and T2. Let be a filtrable 
rank-2 vector bundle on X that has determinant Ls and k jumps of lengths li, . . . ,lk, 
respectively. Set I = li + ■ ■ ■ + Ik- Using the notation of Theorem 13. 61 an extension 
of La~is ® Iz by La is stable if and only if a € Di, where 

Dr.^{aeC* : |5r/2 < |a| < |5^-2Z|i/2|^ 

This follows from Lemma 4.5 and Corollary 4.6 of |Molj (with /i = A""'^ because 
classical Hopf surfaces were defined by a complex number A with |A| > 1 in |Molj). 

Remark 3.9. The domains Di-^^i^ and Di defined in Theorem l3 . 61 and R,emark l3.8l are 
independent of the definition of degree, up to multiplication by a positive constant. 
Otherwise, one readily verifies that these domains would in fact be empty. 

We now describe stable filtrable bundles with C2 = 1 and fixed determinant S 
that have a jump on Ti or T2. Without loss of generality, we assume it to be Ti. 
Note that a similar analysis can be carried out for bundles with C2 > 1. 

Proposition 3.10. Let E be a stable filtrable rank-2 vector bundle on X with 
determinant 6 and a jump of multiplicity 1 on Ti. Then, E is uniquely determined 
by a triple (a, A,p) such that 

(a. A) gL'i.o xPici(ri) 



STABLE BUNDLES ON HOPE MANIEOLDS 



11 



andp is a projection from L^-igOLafj,-^ to A on Ti that is unique up to isomorphism, 
unless = with mi > 1 and m2 > 0, in which case it is an element 

of the projective line P^{H'^(Ti, Hom{La-is © -^a/^i, -^)))- 

Note that La corresponds to one of the destabilising line bundles of E and that 
A is such that the restriction of E to Ti splits as X® (A~^ ® 5). 

Proof. Let _E be a stable filtrable rank-2 vector bundle on X with a jump of mul- 
tiplicity 1 on Ti. Such a bundle E is then given by an extension of the form 

Q ^ La ^ E ^ La-is ® Ip, 

where a S Di q and j) is a point on Ti. Moreover, the allowable elementary modifi- 
cation of is an extension of by La that splits unless = 5ix^^~^ fi™'^ 
with mi > 1 and m2 > (note that if m2 = 0, then a ^ Di q). In the latter case, 
E is given by a factor of automorphy of the form (|3.5|l with e = or 1. 

Suppose that the splitting type of E on Ti is A©(A~"'^ (E)5) for some A G Pic^(Ti). 
Then, E can be recovered from E by using the line bundle A to introduce a jump 
io E ^ on Ti. Given a fixed choice of line bundle A in Pic^(ri), we therefore 
have to determine which projections p from E ® L^^ |ti to A induce isomorphic 
elementary modifications. Note that since no element a in Di q is such that a? = 5 
mod /ii, such projections exist for all extension of La-ig by ia/^i- In addition, any 
two such projections differ an element of Aut{E ® L^Jti) because degA = 1; it 
is therefore sufficient to find out which automorphisms oi E ® L^j^j^j extend to 
automorphisms oi E ® L^^ on X. 

If E ® L^^ is decomposable, then Aut{E ® L^^\ti) = Aut{E ® L^^); in this case, 
there is a unique way, up to isomorphism, of introducing the jump so that E is 
uniquely determined by the pair (a. A). Let us now assume that E ® L^^ is a non- 
trivial extension of L^-ia by Lapj, where — with mi > 1 and m2 > 0. 
In this case, the restriction of E(E)Lf^-^ to Ti is decomposable and the only elements 
of Aut{E (g) L^Jti) that extend to Aut{E i^i) are multiples of the identity. 
Consequently, the vector bundle E is determined by a triple (a, A,p) such that a £ 
Di_o, A e Pic^(Ti), andp is a projection in P^{H°{Ti, Hom{La-is ® Laf,^, X))). □ 

Remark 3.11. Note that if = I/12I1 then the description simplifies. In this case, 
the allowable elementary modification E always decomposes as La © -^q-i^^-Ij 
otherwise a ^ -Di.o; stable filtrable bundles with C2 — 1, determinant S, and a jump 
on Ti are therefore in one-to-one correspondence with the pairs in Di q x Pic^(ri). 
In addition, if we consider such bundles on a classical Hopf surface X ~ C-l/ (/i, /i), 
then we obtain the same description, except that the bundles can now have a 
jump over any fibre of the elliptic fibration. For a fixed fibre T, these bundles are 
parametrised by Di x Pic^(r). 

As direct consequence of the above discussion, we have: 

Corollary 3.12. Consider the moduli space Ms,i of stable rank-2 vector bundles 
on a Hopf surface X with determinant S and second Chern class 1. Let FMg i be 
the subset of Ads.i consisting of filtrable bundles. Then every component of FAdg^i 
has codimension at least one in A4s,i. O 

Example 3.13. We end this section with an application of the above analysis to 
magnetic monopoles on solid tori. These can be seen to correspond to S^-invariant 



12 



RUXANDRA MORARU 



instantons on Hopf surfaces of the form 

where is a complex number with < 1 jBll IB2j . Monopoles on sohd tori can 
therefore also be identified, via the Hitchin-Kobayashi correspondence with 
C*-equivariant stable holomorphic bundles on Hopf surfaces. 

Moduli spaces of C*-equi variant stable holomorphic bundles on Hopf surfaces 
were first studied by Braam and Hurtubise |BHj in the classical case. They showed 
that the moduli spaces A4{m, k) of monopoles of mass m and charge k are complex 
manifolds of dimension 2k consisting of certain stable filtrable rank-2 vector bundles 
with C2 = mk and a jump of height k and length m over Ti. In particular, they 
showed that A4{m, 1) is isomorphic Dm x Pic^(Ti), by classifying C*-equivariant 
bundles on Xi and X2 and determining how one can glue them on the overlap 
to obtain distinct monopoles. The method presented in Proposition 13.101 offers, 
however, a more invariant way of approaching the problem. In fact, a similar 
analysis shows that for fc > 1, the moduli space A4{m, k) consists of triples (a, X,p), 
where a G Dm, A G Pic'"(ri), and p is a projection on Ti from La^™ © L^-ig to A 
or possibly from the non-trivial extension of L^-ig by La^^i to A when = S^^ 
mod fi. The space of such projections is in this case {2k — 2)-diniensional. 

3.4.2. Non-Filtrable bundles. In this section, we turn to the problem of constructing 
non-filtrable holomorphic vector bundles. We begin by noting that there exist many 
non-filtrable bundles on Hopf surfaces. For example, the generic elements of Mg^i 
are non-filtrable because the set of filtrable bundles in Ms,i has codimension at 
least one (see sections 13.21 and 13.4. l|l . Such vector bundles can then be used to 
construct non-filtrable vector bundles of arbitrary second Chern class by performing 
elementary modifications to add (or increase) jumps. 

On elliptically fibred Hopf surfaces, non-filtrable holomorphic vector bundles are 
by now well-understood. In fact, one can show that they can all be constructed by 
using double covers and elementary modifications (for details, see |Moll IBrMoll 
IBrMo2j V For the convenience of the reader, we briefly recall how this is done in 
the case of a classical Hopf surface. 

Let X be a classical Hopf surface. Referring to section |21 it admits an elliptic 
fibration n : X ^ ¥^ , with fibre an elliptic curve T and relative Jacobian J{X) = 

X T*. Consider a vector bundle E on X. One of the main tools for studying 
this bundle is restriction to the fibres of the fibration tt. In particular, there exists 
a divisor Se in the relative Jacobian of X , called the spectral curve or cover of the 
bundle, that encodes the isomorphism class of the bundle E over each fibre of tt. 
Note that the self-intersection of this divisor is equal to a multiple of the second 
Chern class of the bundle. 

Example. Let be a rank-2 vector bundle on X with determinant Ls and second 
Chern class C2. Then it has a spectral curve of the form 

Se (^E^^*} ^ + '^E, 

where Ce is a bisection of J{X) and xi, • • • ,Xk are points in corresponding to 
the jumps of E. Away from the jumps, the pair of points (Aq, Aq ^ (X) Lg) on Ce 
above xq £ P^ gives the splitting type of E on the fibre T^^ = n^^{xo). In this 
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case, 

Se ■ Se = 4c2. 

Moreover, if the bisection is smooth, then it is a double cover of of genus 
(2c2 - 2fc - 1). 

Let us now describe non-fihrable vector bundles on X. We have seen that we can 
associate to any rank-2 vector bundle E on X a bisection Ce C J{X). The vector 
bundle E is then filtrable if and only if its bisection Cb is reducible. Conversely, 
given any bisection C of J{X), one can associate to it at least one rank-2 vector 
bundle on X. This implies, in particular, that non-filtrable bundles exist on classical 
Hopf surfaces because irreducible bisections exist in J{X). The bundles determined 
by C are constructed as follows. Consider the double cover 

(fi -.Y := X xpi C X; 

then, for any line bundle L onY , the pushdown ip^L is a rank-2 vector bundle on X. 
In fact, for a certain class of line bundles on Y, the resulting rank-2 vector bundles 
will have spectral cover C. For example, if the bisection is smooth, then one can 
show that the bundles that correspond to it are parametrised by the abelian variety 
Jac{C) (see |Mol| for precise statements). 

Note. The spectral construction applies, in fact, to any elliptic fibration; it has 
been used by many authors to study bundles on elliptic fibrations (see for example 
[Fl lFMllFlvfWl lnllT)V 

Any holomorphic rank-2 vector bundle on a classical Hopf surface can there- 
fore be constructed by using a double cover and elementary modifications (to add 
jumps). This is, however, certainly not the case for generic Hopf surfaces. 

Proposition 3.14. On a generic Hopf surface X = C^/(/ii, /i2), only filtrable 
vector bundles can be constructed by using double covers. 

Proof. Consider a double cover (p : Y X oi X determined by the line bundle C 
on X. Then, for any line bundle on X, we have 

C2iMM) - i(c?(NmX)) - McliM)) - ^4ci(A^)).ci(£)) 

(see [Brp. Therefore, since h'^{X,Z) = 0, this reduces to 
(3.15) C2i^4M) = -^cliM)). 

Without loss of generality, we can assume that y is a smooth surface (otherwise, 
take its normalisation). Referring to Lemma [2. II Y is then either a generic Hopf 
surface or one of the non-primary Hopf surfaces Ol2/(/?, /ii), with — /ii, de- 
scribed in section [2.41 This means, in particular, that the first Chern class of any 
line bundle L on X is torsion. Consequently, by H3.15|l . we have C2((/?*(i)) = 0. 
The rank-2 vector bundle (/9*L is thus filtrable by Corollarv l3.2l □ 

3.5. Poisson structures. A (holomorphic) Poisson structure on a complex surface 
is given by a global section of its anticanonical bundle |Boj . Consequently, any Hopf 
surface X admits a Poisson structure because its anticanonical bundle is given 
by the effective divisor D :— Ti + T2. Fix a Poisson structure s S H^{X,K^^) on 
X. A Poisson structure = 6s E H°{M, ®'^TM) on the moduH space M := Ms^c2 
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is then defined as follows: for any bundle E e M, 9{E) : T^M x T^M — > C is 
the composition 

e{E) : H^iX, Sid{E) Kx) x H^{X, Sid{E) ® Kx) 

H^{X,EndiE)^Kj.) H^{X,Eiid{E) (g) Kx) ^ C, 

where the first map is the cup-product of two cohomology classes, the second is 
multiplication by s, and the third is the trace map. 

The Poisson structure s is degenerate, its divisor being D — (s). Moreover, at 
any point E ^ 

T:]^e(E) ^'ic2~dmiH^{D,Sid{E\D)). 

We see that the rank of the Poisson structure is generically 4c2 — 2, and "drops" at 
the points of M corresponding to bundles that are not regular over the fibres Ti 
and T2 (for details in the elliptic case, see |Mol| ). 

On the set of bundles for which the Poisson structure is maximal, one can define 
the following maps: 

h:Ms,c, Pic°(r,)A5 = pi 

where La^ and L^-ig are the destabilising bundles of E\Ti , and ig is the involution of 

Pic°(Ti) given hy Xq 1-^ Xq^ <Si Ls- The functions /i and /2 are linearly independent 
Casimirs; this can be proven as in the elliptic case |Molj . 

On a classical Hopf surface X, the Casimirs can be described very explicitly in 
terms of the spectral data of the bundle. Let E be rank-2 vector bundle on X with 
determinant Ls and spectral curve Se C J{X) (see section l5.4.2|) . In this case, one 
can associated to E an equivalent divisor that is constructed as follows. Consider 
the quotient of J{X) = x T* by the involution is := id x is, where id is the 
identity on P-*^ and ig is the involution of T* determined by Ls (see above). Let 
77 : J{X) — > J{X)/is = P^ X P^ be the canonical map. By construction, the spectral 
curve of E is invariant with respect to the involution is- It therefore descends to a 
divisor on P^ x P^ of the form 

Ge +Gt{Fe), 

where Gr{FE) is a the graph of a rational map Fe : P^ ^ P^ of degree {c2{E) — k) 
such that rj*Gr{FE) = Ce- This divisor is called the graph of E; it is an element of 
the linear system |Opixpi(c2, 1)|. Note that the bundle E is filtrable if and only if 
the map Fe is constant. 

Let xi and X2 be the points in P^ such that 7T~^{xi) ~ Ti, for i ~ 1,2. The 
Casimirs fi : Ms,c2 ^ P^, i = 1, 2, are then given hy E FE{xi), where Fe is the 
graph of E. These functions can be used to describe the symplectic leaves of the 
Poisson structure; the symplectic leaves of maximal rank are labelled as follows: 

Lc,.c^ {E e Ms,c, \ Tke{E) - 4n - 2 and ME) = C, for i = 1, 2}. 

On the open dense subset of non-filtrable bundle that are regular on every fibre of tt, 
the elements of the leaf Cci,Ci can be identified with pairs of the form {Gr{F), E), 
where Gr{F) is the graph of a rational map F : P^ ^ P^ of degree C2 passing 
through the points (xi, Ci) and (a;2, C2) in x P^ and £' is a rank-2 vector bundle 
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whose graph is given by Gr{F). Recall that for such a graph, the set of all bundles 
corresponding to it is parametrised by the Jacobian of a curve of genus 2c2 — 1, 
given by C = jfGr{F), confirming that the leaf Cci.Ci is (4c2 — 2)-dimensional. 

It is in fact possible to give an explicit description of all the symplectic leaves 
of the Poisson structure. We finish by describing these leaves for the moduli space 
Ms,i on a classical Hopf surface. 

Example 3.16. Let us first consider stable vector bundles E in A4s,i where the 
Poisson structure 6 has maximal rank 2. On a classical Hopf surface, fi{E) — f2{E) 
if and only if the vector bundle E filtrable (because if the map Fe has degree one, 
then it must be injective). Let us assume that Ci ~ C2] then, 

CcuC, = {(a^o, A) I e P^\{xi,X2} and A e Pic\T,„)}. 

Indeed, stable filtrable bundles on elliptic Hopf surfaces with C2 = 1 are completely 
determined by the choice of a fibre T^g = Tr~^{xQ), over which they have a jump, 
and a pair (a, A) in Di x Pic^iT^g) (see Remark l3.11|l . However, the Casimirs fix a 
so that xq and A are the only free parameters left. If Ci ^6*2, then the leaf Cci,Ci 
is given as above. 

Finally, at the remaining points of the moduli space, the Poisson structure has 
rank zero. These points correspond to stable filtrable bundles that have a jump of 
multiplicity one on either Ti or T2. Referring to Remark 13.111 these bundles are 
completely determined by their restrictions to the curves Ti or T2, which fix the 
pairs (a. A) parameterising them. 

Remark 3.17. If X is a non-generic Hopf surface, then the graph map 

G:Ms^c, ^ |OpixPi(c2,l)| -P'^^+\ 

which associates to each bundle its graph, admits a structure of algebraically com- 
pletely integrable Hamiltonian systems |Mol[ IBrMo3j . 

4. HOLOMORPHIC VECTOR BUNDLES ON HIGHER DIMENSIONAL HOPF MANIFOLDS 

We have seen that holomorphic vector bundles on Hopf surfaces are generically 
non-filtrable. In contrast, they are always filtrable on higher dimensional Hopf 
manifolds. More precisely, the following is known in this case |V1I IV2| . 

Theorem 4.1 (Verbitsky). Let X he a diagonal Hopf manifold of dimension greater 
than two. Then all coherent sheaves on X are filtrable. 

Theorem 4.2 (Verbitsky). Let ti : X ^ pn-i ^ classical Hopf manifold of 
dimension n > 3. Let E he a stahle holomorphic vector bundle E on X. Then 
E = L ^ TT* E' , where L is a line bundle on X and E' is a stable bundle on P"~^. 

These results were first proven for positive principal elliptic fibrations of dimen- 
sion greater than two |Vlj . examples of which are given by classical Hopf manifolds. 
Verbitsky shows that on such an elliptic fibration tt : X ^ M, where M is a Kahler 
manifold dimension at least two, stable vector bundles are equivariant with respect 
to a torus action. He then uses this to show that stable bundles on X are of form 
the L (g) 7r*£"; when the base M is projective, this implies that all holomorphic 
vector bundles are filtrable. His equivariance argument extends, however, to give 
filtrability of bundles on all diagonal Hopf manifolds |V2j . 
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Note that on a classical Hopf manifold X, the filtrability of vector bundles can 
easily be seen via the spectral construction presented in section IB. 4. 21 because bun- 
dles on such a manifold are topologically trivial. 

Proposition 4.3. Let E be a rank-r vector bundle on X . Then E is topologically 
trivial. Moreover, its spectral cover Se is an effective divisor in J{X) = P"^i x T* 
of the form 

r 

(4.4) 5i;-^P"-i X {AJ, 

i=l 

for some points Ai, . . . , A,- in T* , implying that it is filtrable. 

Proof. Let L be a line bundle on X such that /i°(7r~^(x), L* ^ E) = for generic 
X e P"-i. Then, R^tt^[L* ® E) is a torsion sheaf on P"-i and iJV^L* (g) = 
for i = Q and i > 2. Suppose that the line bundle L corresponds to the section 
X X {A} of J{X). Note that 

Pic(J(X)) = Pic(P""i) X Pic(T*). 

Recall that the spectral cover Se of E is an effective divisor on J{X) that is an 
r-to-one cover of P"~^. Consequently, we have 

r 

Se ~ ^P"-i X {\i} + m{H} x T* 

i=l 

for some non-negative integer m, where the A^'s are points in T*, iJ is a hyperplane 
in P"-i. Then, Se-{Xx {A}) = m{H} x {A} and the support of R^tt^{L* ® E) is 
a divisor on P"~i equivalent to mH . Furthermore, if h is the Poincare dual of H in 
ij2(p»-\Z), then ci{R^TT^{L* ® E)) = rah. Note that h is the positive generator 
of iJ2(P»-i,Z). Given that ch{E) = r (-l)("-i)c„(i;)/(n - 1)! and td{X) = 1, 
by Grothendieck-Riemann-Roch, it follows that 

ch{R\4L* ® E)) = TT, {ch{E) ■ td{X)) ■ td{rX^ = 

Consequently, since rt > 2, we see that m = Cn{E) ~ and Se is of desired the 
form. □ 

A vector bundle i? on a classical Hopf manifold X therefore either admits a filtration 
by vector bundles, which decomposes if all the A.^'s appearing in its spectral cover Se 
(|4.4|l are distinct, or it can also be of the form L®'k*E' when all the A^'s are equal. 
Unfortunatly, this analysis cannot be successfully carried out for bundles on generic 
Hopf manifolds as there is no satisfactory analogue of the spectral construction in 
the generic case (because the are so few divisors on these manifolds). 

On elliptically fibred Hopf manifolds of dimension greater than two, the study of 
stable vector bundles boils down to the difficult problem of classifying stable vector 
bundles on projective spaces of dimension greater than one. On generic Hopf man- 
ifolds of dimension greater than two, the question is, however, greatly simplified 
by the fact that these manifolds possess few subvarieties. One can therefore obtain 
a complete classification of vector bundles by studying extensions of sheaves. For 
brevity, we restrict our presentation to the case of holomorphic rank-2 vector bun- 
dles; similar results however hold for bundles of arbitrary rank. In particular, we 
show that there exist stable rank-2 vector bundles on these manifolds. 
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Proposition 4.5. Let X be a generic Hopf manifold of dimension n > 3 given by 
the quotient C"/(/ii, . . . , /!„)• If E be a rank-2 vector bundle on X, then it is of 
one of the following three types: 

(i) E is decomposable and given by La® Ljj. 

(ii) E is not decomposable and an extension of line bundle; in this case, we can 
write E as La® E' , where E' is a non-trivial extension of the form: 

0">i^r..,c" -^'^^^0' 

with mi, . . . , m„ non-negative integers. 

(Hi) E is not an extension of line bundle; in this case, we can write E as La®E' , 
where E' is the unique locally-free extension of the form: 

^ L ,„ _fc -kj E' ^ /fe fc 0, 

Ml ■■■Mi ■■■Mj ■■■Mn ^ 

with non-negative integers mi, . . . , m„ that are not all zero. 

Remark 4.6. Note that if n > 4, then the Hk^k^s are the only codimension 2 
subvarieties Z oi X that are locally complete intersections whose ideal sheaves Iz 
admit projective resolutions of the form O^L^V^Iz^O, where i is a 
line bundle and is a rank-2 vector bundle on X. When n = 3, one also has 
Z = Hk^k, + Hk.ki , with k^l. 

Proof. The proof of (i) and (ii) is the same as that of ProDOsition l3.3l We therefore 
assume that E is not an extension of line bundles. Since all vector bundles on X 
are filtrable, it can then be written in the form E = La ® E' , where E' is a locally 
free extension of the form 

(4.7) Q ^ O E' Lf3® Iz 

Iz is the ideal sheaf of a codimension 2 subvariety Z oi X that is a locally complete 
intersection, and a,P E C* . By Remark |4. 61 we must have Z — Hk^kj or Hk^kj^ + 
Hkikj^, for some ki,kj-^,kj2 > 1. We therefore have to determine which extensions 
of the form H4.7|l give rise to non-isomorphic rank-2 vector bundles: this is done by 
analysing the exact sequence 
(4.8) 

0-^ H\X,Lp-i) ^Ext\X;Iz,Lp-i) ^ H''{X,Ext\lz,Lf,-i)) ^ H^X,Li3-i). 

Recall that an extension class ^ e Ext^(X; I^, L^-i) determines a locally free 
sheaf if and only if its image in II^{X,Ext^{Iz,Lp-i)) generates the stalk of 
Ext^(Iz,Lfj~i) at every point of X. Since Ext^{Iz, Lj^-i) is a torsion sheaf sup- 
ported on each H := Hk^kj appearing in Z, a necessary condition for the existence 
of a locally free extension is therefore that h^{II, Ext^{Iz, L/^-i)\h) 7^ for each H. 
Note that the restriction oi Ext^{Iz, L/^-i) to H can be identified with the line bun- 
dle det(A/i//x) €5 ^,3-1, which is isomorphic to L fc. fcj (because A/'j^/j,^ = /h//^ 

k ^ ' \ 

is generated as an Oj^-module by ' and Zj'). 

Let us first assume that n = 3. Note that in this case the underlying space of H 
is the elliptic curve C* / ^ik with k ^ i,j; consequently, a global section of i fcj 

P Mi Mj 

on H is given by a holomorphic function g{z) such that 

giliz) = ^il' ^i]' g{z) 



18 



RUXANDRA MORARU 



whose Laurent series expansion is of the form X)t=-oo Es=o X]r =o ^^'^t 
One can easily verify that such a function exists if and only if 

rt mi mij —u 

where to^, rrij, v are integers such that 1 < mi < ki for I — so that 

for some oq G C. Thus, h°{H,Ext^{Iz,Lp-i)\H) 7^ if and only if /3 satisfies (|4.9ll . 
in which case h'^{H, Ext^ {Iz, L0-i)\h) = 1- However, the function g{z) must also 
generate the stalk of Ext^{Iz,Lp-i) at every point, implying that we must have 
rrii — ki and rrij ~ kj. A necessary condition for the existence of a locally free 
extension is therefore that 

(4.9) /? = 
for some integer u. 

Let us first consider the case Z = Hk^kj- Referring to H4.9|l . this means that 

(3 = fj,'^^ fj,^^ ij,^'^ . We have to determine which values of v give rise non-isomorphic 
rank-2 vector bundles. We shall see that there are two different cases depending on 
whether or not 1/ is positive. If > 0, then = for q = 1,2, so that 

(|4.8|1 reduces to: 

F.iit\lz,Lp-i) ^ H°{X,Ext\lz,Lp-i)) = C. 

Therefore, the extension determined by a non-zero element of Ext^(/2, L^-i) de- 
termine, up to isomorphism, a unique rank-2 vector bundle. Note that this bundle 
cannot be an extension of line bundles. 

If 1/ < 0, although h^{X, Lfj-i) = 0, we have h'^{X, Lp-i) ^ 0. Let us assume 
that a class ^ in Ext^(/z, Lp-i) generates a rank-2 vector bundle E' . In this case, 
O is not a destabilising line bundle of E'. Indeed, given the exact sequence 

(4.10) 0-^ L -fc, -> L -fe, © L -fc, -> /if ^ 0, 

Mi >3 Mi 

one verifies that L t, _„andL 1- „ not only map non-trivially to L 1,. k, „®Ihi 

but also to E'; furthermore, they are the line bundles of maximal degree mapping 
into -E'. Consequently, the quotient sheaves i?'/I/^fci^-„ and i?'/L are torsion 

free, so that, for example, we have an exact sequence 

^ O ^ L -fc. „ ® ^ L k^ ®Iz' ^ 0, 

Mi Mfc /Ji Mj Mfc 

where Z' is cither empty or a locally complete intersection of codimension 2 in X. 
If = 0, then E' — L k^ (BL k^ , implying that Z' is empty. However, if < 0, then 

Mi Mj 

/?' = Mr'^'M^^Mfc does not satisfy condition (|4.9() . leading to a contradiction. Hence, 
we get locally free sheaves only for v > 0, in which case they are not extensions of 
line bundles. 

Let us now assume that Z = Hk^kj-^ + Hk^kj-^ ■ In this case, since (3 must satisfy 

(|4.9|) for both {ki,kj^) and {ki,kj^), we have (3 — /x^^^ . As above, one can 

show that E' decomposes as L k^ ® L . The only extensions giving rank- 

Mi A»j Mfc 

2 vector bundles that are not extensions of line bundles therefore correspond to 
codimension 2 subvarieties of the form Z = Hk^kj- This proves (iii) for n = 3. 
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Finally, let us assume that n > 4 so that the underlying space of is a generic 
Hopf manifold of dimension at least 2. As in the case n = 3, we can easily show 
that there exists a locally free extension E' if and only if 

rt —mi ki kj — m„ 

P^H-^ • ■ -Mi ■ • -M/ • ■ -Mn , 

for non-negative integers mi, . . . ,to„; note that the mi's must all be non- negative 
because H is now a Hopf manifold. Moreover, E' is not an extension of line bundles, 
unless all the mi's are zero, in which case E' = L (B L kj . □ 

We finish the paper by determining stability conditions for holomorphic rank-2 
vector bundles on higher dimensional Hopf manifolds. 

Theorem 4.11. Let E be a rank-2 vector bundle on a generic Hopf manifold X of 
dimension greater than 2. 

(i) If E is an extension of line bundles, then it is unstable. 

(ii) Otherwise, E — La® E' for a ^ C* and a non-trivial extension E' of Ih^,.. 

by L „, -k, „ , where the non-negative integers mi,...,m„ are not all 

All ■■■f^i ' ■■■fj.j ■■■ Mti " 

zero (see Proposition \4-.5\ (Hi)). In this case, E is stable if and only if 

I mi I ^ I ki kj , 

m I > IMi Ai/I- 



n 

0<l<n 

Note that one can always find integers mi, . . . , mn that satisfy this eguation. Con- 
sequently, stable rank-2 vector bundles exist on X . □ 

Proof. We begin by determining the destabilising line bundles of rank-2 vector bun- 
dles; given that decomposable bundles are automatically unstable, we only consider 
the indecomposable case. Let E be an indecomposable rank-2 vector bundle on X. 
Suppose that E = La® E' , where a € C* and E' is one of the non-trivial extension 
^ L ^ E' ^ Iz ^ of Proposition 14.51 (n) or (iii). Therefore, any line bundle 
mapping non-trivially into E is of the form 

L®L -;i -;„, 

for non- negative integers li, . . . ,ln. This is obvious when Z is empty. Otherwise, 
li Z ~ iJfcifcj, then this comes from the fact that every bundle mapping to luk k 
also maps to L. Consequently, since L ® La is the unique destabilising line bundle 
of E, the theorem follows from the definition of degree. □ 
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